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Abstract 

In this paper we give a new integral expression of I and J-Bessel func- 
tions on simple Euclidean Jordan algebras, integrating on a bounded sym- 
metric domain. From this we easily get the upper estimate of Bessel 
functions. As an application we state about the action of holomorphic 1- 
dimensional semi-group acting on the space of square integrable functions 
on symmetric cones. 
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1 Introduction and main results 

In this paper we find in Theorem 13.11 a new integral expression of I and J- 
Bessel functions X\{x), J\(x) on a Jordan algebra V. J-Bessel functions are 
first introduced by Faraut and Travaglini 8 for special cases, associating to 
self-adjoint representations of Jordan algebras (see also (|4.2jl ), and generalized 
by Dib [3] (for V = Sym(r, R) case see also [TU] and [H]). It is well-known that 
J\{x) are the holomorphic functions on V c for A in open dense subset 
of C. On the other hand, for countable singular A they are still well-defined on 
certain subvarieties. These are defined by the series expansion (see Section [3]), 
and satisfy the following differential equation 

B x l x - el x = 0, B x Jx + eJx = 

where Bx ■ C' 2 (V) — > C(V)®V C is the F c -valucd 2nd order differential operator 
and e is the unit element on V (see [4] Proposition 1.7] or [6] Theorem XV. 2. 6]). 
Also Xx and J\ have the following integral expression 



/ ^V«-V)A(«)-V (1.1) 



e+iV 



J x ( x ) = f e tiw e-( w 1 WA(«7)- A dw (1.2) 



(2in) n 



+iV 
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(see H Definition 1.2] or [BJ Theorem XV.2.2]. For notations tr, (-|-), A and 
T^(A) see Section |2~T1 and (|2.3[1 ). We briefly state our theorem. 

Let V be a simple Euclidean Jordan algebra (i.e., V is one of the Sym(r, R), 
Hcrm(r, C), Herm(r, H), R 1 '™ -1 or Herm(3, 0)). We assume dim V = n, rankV = 
r. We prove 



Theorem 1.1. For A G C, x € X ran ^\ (see 12. 1}) and \2. 6\) ). take k G Z>o such 
that Re A + k > % — 1 . Then, we have the integral expressions 



l x (x 2 )=c x+k / 1 F 1 (-k,X;-x,w)e 2 ^ Rcw '>h{w,w) x+k -^dw, 

J D 

Jx(x 2 )=c x+k [ 1 F 1 (-k,Xi-ix,w)e^^h(w,w) x+k -^dw. 



where c\ is a constant and i-Fi(— k, A; x, w) is a polynomial of degree k with 
respect to both x and w. 

Here Xi are the L = Str(y c ) -orbits. X x are also characterized as the sup- 
ports of some distributions on V c (see [2] and (|2.2p ). D C V c is the bounded 
symmetric domain and h(w,w) is the generic norm on V (see Section 12.11) . 
Especially if Re A > ^-lwe can take k = and 



^" r n (a - a) J D 

and J7a is the same. 

Now D is naturally identified with G/K = Bihol(D)/Stab(0) = Co(y) /Autj T sOOo- 
For A > — — 1, the universal covering group G acts unitarily on O(D) n 
L 2 (D,h(w,w) x ~^dw) by left translation. This defines the holomorphic dis- 
crete series representation of G. This is analytically continued with respect to 
A € C, and become unitary when A € W, the (Berezin-)Wallach set (see (|2.7p 
and [T7], [5]). The trivial representation corresponds to A = 0. 

From now we set V = R. Let I\ (x) be the classical I-Bessel function and we 
set i\(x) = (§) A I\(x). Then Jx and Z\ on E are related as 

= f(ATi) lA+1 (t 

Therefore the above theorem is rewritten as 

~h(x)= * + * / i^K-fc.A + ij-^^^-H 2 )^*" 1 ^. 
tiT(a + 1) y N<1 

where i-Fi(— fc, A+l; x) is the classical hypergeometric polynomial. On the other 
hand, the formula ([l.ip is rewritten as 

Ix{x) = -L- f e w+s £ W - x - x dw. 



2iir\ 



i+* 



These two integral formulas are mutually independent, and cannot easily deduce 
one from another. 

Again let V be a general Jordan algebra. Since D is bounded, we can prove 
from this formula the following corollary. 
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Corollary 1.2. For X £ C, x £ X IankX , i/ReA + fc> — — 1 for some k £ Z>o, 
then there exists a positive constant C\,k > such that 

\lx(x 2 )\ <C x , k {l + \x\ k 1 )e 2 ^\ \Jx(x 2 )\<C x , k {l + \x\ k )e 2 ^^ 
where \x\i is the norm defined in Definition \2.1\ 

In [141 Lemma 3.1] an upper estimate of J\(x) is given by another method, 
but our estimate is sharper. For detail see Remark I5~3l 

This paper is organized as follows: In Section 2, we recall some notations and 
facts about Euclidean Jordan algebras. In Section 3 we prove our main theorem, 
the integral formula and upper estimates. In Section 4, as an application of the 
inequality (Corollary II .2j) . we state the action of the 1-dimensional semigroup 
on the functions on the symmetric cones. 

2 Preliminaries 

2.1 Simple Euclidean Jordan algebras 

Let V be a simple Euclidean Jordan algebra of dimension n, rank r. We denote 
the unit element by e. Also let V c be its complcxification. For x,y,z £ V c , we 
write 

L(x)y := xy, 
xDy:=L(xy) + [L(x),L(y)}, 
P(x, z) := L(x)L(z) + L(z)L(x) - L(xz), 

P(x) := P(x,x) = 2L(x) 2 - L(x 2 ), 
B(x, y) := Iyc - 2xUy + P(x)P(y) 

where y H > y is the complex conjugation with respect to the real form V. Also, 
we write 

{x, y, z} := {xUy)z = P(x, z)y = (xy)z + x(yz) - (xz)y. 

Then V c becomes a Hermitian positive Jordan triple system with this triple 
product. 

We denote the Jordan trace and the Jordan determinant of the complex 
Jordan algebra V c by tr(x) and A(x) respectively. Also let h(x 7 y) be the 
generic norm of the Jordan triple system V c . These can be expressed by L(x), 
P(x), and B(x,y) (see [SI Proposition III.4.2], 7, Part V, Proposition VI.3.6]): 

n 

TrLlx) = — tv(x), 
r 

DetP(x) = A(x)^, 
BetB{x,y) = h(x,y)^ 

where Tr and Det stand for the usual trace and determinant of complex linear 
operators on V c . Using the Jordan trace we define the inner product on V c : 

(x\y) := ti(xy), x, y £ V c . 
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Then this is positive definite since V is Euclidean. Also we define the symmetric 
cone Q and the bounded symmetric domain D by 

Q := {x 2 :xeV, A(x) ^ 0}, 
D :— (connected component of {w € V c : h(w,w) ^> 0} which contains 0) 

where S> stands for the positive definiteness. Then Q is self-dual, i.e., 

ft = {x e V : (x\y) > for Vy € 0}, 

and D is biholomorphically equivalent to V + \/ — lil C V c . 

Let Kl and K be the identity components of automorphism groups of the 
Jordan algebra V and the Jordan triple system V c . Similarly let L and L c be 
the identity components of structure groups of V and V c . Also let G be the 
identity component of conformal group of V: 

K L := Autj.Ai g (^)o = {k e GL(V) : k(xy) = kx ■ ky, Vx,y € V} , 
K := Aut JTS (^ C )o = {ke GL(V C ) : k{x, y, z} = {kx, ky, kz}, Var, y, z £ V c } , 
L := Str(y) = {I e GL{V) : l{x, y, z} = {lx, H^y, kz}, Vx, y, z G V} , 
L c := Str(l/ C ) = {I £ GL(V C ) : l{x, y, z) = {lx, l^y, kz}, Vx, y, z e V c } , 
G := Co(V) = Bihol(L>) ~ Bihol(U + a/-LQ) 

Then fi and D are naturally identified with LjKj, and G/K respectively. For 
the classification of these groups see [TTJ Table 1] or O Table 1]. 

2.2 Spectral decomposition and some norms on V c 

From now on we fix a Jordan frame {c\, . . . , c r } C V, i.e., 

r 

CjCk — SjkCj, c j = e i 

i=i 

and there do not exist dj\,dj2 G V s.t. Cj — dji + dj2, djkdji — Skidjk- 

Then for any x € V c there exist the unique numbers t\ > • • • t r > and the 
element k e K such that x = kJ2j=itj c j (13 Proposition X.3.2]). Using this, 
we define the p-norm on V c . 

Definition 2.1. For 1 < p < oo and for x = tjCj € we define 




For example, we have (x\x) — | cc | § - Also if x £ £1 then all eigenvalues (in the 
sense of Jordan algebras. For V = Sym(r, R) or Herm(r, C) this coincides with 
the usual one) are positive and |x|i — tr x holds. In addition, we can define D 
by D = {w £ V c : \w\oo < 1}. This norm satisfies the following properties. 
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Proposition 2.2 ([TBI Theorem V.4, V.5] for V = Herm(r,C) case). Let 1 < 
p, q < oo and ~ + ~ = 1. T/ien the following statements hold. 

(1) Forx,y£V c , \(x\y)\ < \x\ p \y\ q . 

(2) For x e V c , \x\ p = max IWi. 

yevc\{0} \y\ q 

(3) x i— > \x\ p is a norm on V ■ 

To prove this, we quote the following lemma (see [7J Part V, Proposition 
VL2.1]): 

Lemma 2.3. For x,y £ V c , if xOy = yOx, then there exists an element k € K 
such that both x and y belong to K- spanjfcci, . . . , kc r }. 

Proof of Provosition [2~2\ (1) We note that |(x|y)| < max|(fca;|t/)| = ma,xRe(kx\y) 

since e i9 I v c £ K for any SeR. We take k £ K such that Re(kx\y) (k £ K) 
attains its maximum at k — ko £ K. We put k^x =: Xo- Then for any 
D£t = Lie{K), 



d 
dt 



Re(e tD x \y) = Re{Dx \y) = 0. 

t=o 

c 



In the case when D = uDv — vDu with u, v £ V , 

= Re((uDv)xo\y) — Re((vDu)xo\y) = Re((xoDv)u\y) — Re((x Du)v\y) 
= Re(u\(vDx~o)y) — Re(v\(uDx~o)y) = Re(u\(yDx~o)v) — Re(v\(yOx~o)u) 
— Re((xo\3y)u\v) — Rc(v\(y\3x~o)u) — Re((xo\3y — yOxo)u\v). 

Since u,v £ V are arbitrary and (-|-) is non-degenerate, xo\3y = yOx~Q. There- 
fore by Lemma 12.31 there exists k £ K such that xo,y £ R-span{fcci, . . . , kc r }. 
Let x = k' ^2j—i tj c j, V — k 53j=i s j c j- Then 



< maxRe(fca;|y) = max Re \ k > eA 

k£K (cr,e)Ge„ x {±l} r I z_ ' 



o-(i) C 3 



i=i 



: max 

(ff,e)eS 



i ^ {±1Y Y, e Mo) s o < £n p En 9 =WpI»i« 



i=i V =1 / \i =1 



(2) (>) Clear from (1). 

(<) For x — k Y^j=i tj c j € ^ C (*i — ' ' ' *r — 0), we find aye y c which attains 
the equality. We set 



y 



k J2j=i tP j S (1 <P < °°), 
feci (p = oo). 



Then, 



\y\g 



p-i 



£U*t l *Y = feu*;) =wr x (i<p<»). 

(p = l,oo), 
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and 



E -=i q = \Al = WAr 1 = \Av\v\i (i < p < «>), 

ti = Moo = |a:|oo|j/|i (p = oo). 



(3) Positivity and homogeneity are clear. For triangle inequality, by (2), for 

1 35 + y\p = max + y\ z )\ ^ max K^I^OI + max l(yl z )l = kip + \v\p 

|a| 9 =l l 2 U = l l z l<j=l 

and this completes the proof. □ 
We set 




Then Xi = Xq U X\ U . . . U Xi holds. X\ are also characterized as the supports 
of the distributions which are the analytic continuation of |A(x dx: 

supp (^\A(x)\ 2 ( x -^dx ^ J =~X U I = 0,1,. ..,r- 1 (2.2) 

(see Proposition 5.5]). 

2.3 Peirce decomposition and generalized power function 

As before we fix a Jordan frame {ci, . . . , c r } C V. Then V is decomposed as 

V = V* where V ik = \xeV: L{ci)x = 5jl + 5kl x\ . 

Moreover Vjj — M.Cj holds, and all Vjfc's (j ^ k) have the same dimension 
(see Theorem IV.2.1, Corollary IV.2.6]). We write dimVj k = d. Then 
dimU = n = r + |r(r — l)d holds. 

Let Vm '■= (&i<j<k<i Vjl {I = 1) • • • ) r ) and p (i) be tne projection on Vm. 
We denote by det(j)(x) the Jordan determinant on the Jordan algebra Vm- 
We set Ai(x) := det (;) (P (;) (a;)) for a; G For s = ( Sl ,...,s r ) G C r , the 

generalized power function on U c is defined by 

A.(s) := Ar S2 (ar)A? ^ (a;) • • • A^ 1 "^ (x)A s / (x). 

Using this function, we define the Gindikin Gamma function and Pochhammer 
symbol as follows: for s G C and m G (Z^o) 1 ", 

r Q (s) := / e-^A m (x)A(x)-?dx ) ( 8 ) m : = E^±J^. (2.3) 

This integral converges for ReSj > (j — 1)|, and both functions are extended 
meromorphically on C (see [HI Theorem VILLI] or Theorem 2.1]). More- 
over, we have 

(s)m = f Sj (j - l)x ) iw/iere (s) m = s(s + 1) • • • (s + m - 1). 
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For s = (si, . . . , s r ) £ C, we set s* = (s r , . . . , si). Then we can prove easily 

(s) m+ n = (s) m (s + m) n , (-s*) m = (-l)l m l (s-m* + -) (2.4) 
where |m| = m\ + • • • + ra r . Here we identify A £ C and (A, . . . , A) £ C. 

2.4 Polynomials on V c 

We set Z!j_ + := {m = (mi, . . . , m r ) € (Z>o) r : mi > m2 > • • • m r > 0}, and 
denote the space of holomorphic polynomials on by V(V C ). For m G 
we define P m (F c ) := C-span{A m o / : Z £ L c }. Then clearly 7 5 m (V r(C ) becomes 
a L c -module. Moreover, we have 

Theorem 2.4 (Hua-Kostant-Schmid, see [g, Theorem XI. 2.4]). 

p(V c )= V m (V c ). 

These V m (V c ) 's are mutually inequivalent, and irreducible as L -modules. 

Since A; vanishes on Af;_i, all polynomials in "P m (V c ) vanish on A/_i if and 
only if mi ^ 0. 

We write d m := dimP m (V c ), and $ m (x) := / K A m (kx)dk. Then the 
ii'i-fixed subspace in V m (V ) is spanned by $ m (see [BJ Proposition XI.3.1]). 

2.5 Inner products on V(V C ) 

For f,g£ V(V C ), we define the Fischer inner product by 

(/. fl>^ - ^ J yc fH'gMe-^dw = / (A) g( w ) ^ . 

pi 

Then the reproducing kernel of V(V C ) (Hilbert completion of T'(V C )) is given 
by e ( z \ w ). We denote by K m (z, w) = K™{z) the reproducing kernel of V m (V c ) 
with respect to (•, •) p. Then clearly, 

e {z\ W ) = J- K m (z,w), 

Also, by [51 Proposition XI.3.3, Propsition XI.4.1.(ii)], we have 
K m (gz, w) = K m (z, g*w) for Vg £ Str(V c ), 

and 

K m {x,x) = K m (x 2 ,e) 

for x £ V, and therefore for any x £ V c by analytic continuation. 

Also, for A > — — 1, we define the weighted Bergman inner product on D 

by 

(f,9)x~\ r r ," (A) w v / f(w)-gTwjh(w,w) x -^dw. 

7T In (A - -j jfl 

Then, these two inner products are related as follows: 
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Theorem 2.5 (Faraut-Koranyi, see [1 Theorem XIII.2.7]). If f,g G V(V C ) 
are a 
then 



are decomposed as f = Y. m ez- f™> 9 = E mG z- , 3m (f m ,g m € V m (V c )), 



(f,9)x= £ pT-(fm,9 m )F. (2.5) 

Although the left hand side is only defined for A > — 1, the right hand 
side extends meromorphically for A G C. Therefore we can redefine (•, •) with 
this formula for any A € C by restricting the domain. For A G C we set 

rank A :=max{; G {0, 1, . . . , r} : (A) m ^ for Vm G Z++ n {m/+i = 0}} 
fi i/ Ae (/| + z< )\Uto(i| + z <o) (I = 0,l,...,r-1), 
V </A^US(i3+ z <o)- 

(2.6) 

For example, if d = 2, i.e., = Herm(r, C), then 

f (AG Z< ), 
rankA=<Z (A = I, I = 1, . . . ,r - 1), 
(r (A^r-1 + Z< ). 

Then (v)a defines a sesquilinear form on © meZ r mrankA+1=0 "P m (F c ). This 
form (•, -)a is positive definite if and only if 

A G W := |o, |, . . . , (r - U f(r - 1)|, oo) . (2.7) 

This set W is called the (Berezin-)Wallach set (see [T7] or [3])- 

2.6 Invariant differential operators 

For A G C and k G Z>o, we define the differential operators 

k 



#(A):=A(x)^ A A^j A(x) 



where A (^) is the differential operator characterized by A (J^) e^'^ = A(y)e' :E ' a - ) . 
Then these operators commute with the L c -action (i.e., D^ k \X}(fol) = (D^(X)f)o 
I for / G 7 , (t^ c ) and / G £ c ). Moreover, we have 

Proposition 2.6. 

£>«( A ) e (*W= ^ (-l)l m l(-fc) m (A + m) fc _ m ^ m (x,2/)e^l^ 
m £^++ ? l m l 

and if (A) m 7^ /or any m E |m| < k, 

#(A)e W,) = (A)t ]T ( ~ 1) '" ( ~ fc)m j<: m ( a: ,y)e^^. 

mgZ^ + , |m|<fc ^ ' m 
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Proof. We follow the proof of [5J Proposition XIV. 1.5]. For x £ £1 and A < 
-k+1, 

d x ' 



Z? w (A)e (a;|e) = A{x) -~ A A f -g;J A(x) A " - +fe e (:r|e) 

(1:)^' r n (-A + n _ fc ) / n e^A(,)-^A( g )-^ 
=A(z)v- ^ ^ g _ jf e ("l°-v)A(e - y)*A(»)- A +^-*A(y)-^dy 

=A(»)*-* V dm (-fc)m £o (m - A + g - fc) ^ (g)eW .) 
x-^ d m (-k) m (-X+^-k) , , , 

m£Z^ + , |m|<fe \ r/m 

m€Z^ + , |m|<fc Vr/fc-m* 

Here we used [5] Proposition VII. 1.2], [BJ Corollary XII. 1.3], and [5] Proposi- 
tion VII. 1.2, VII. 1.5] at the 2nd, 4th, and 5th equalities respectively. Now, 
d m = <4-m* holds since V m {V c ) -t Vk-m*(V c ), p H> A(x) k p(x~ 1 ) is an iso- 
morphism. Also, by (12. 4j) . 

(-*)*-». (- 1 ) |m| (7 + ^) fc _ m (-l)' m '(?) fe (-fc) m 



(-) (-) (-) (-) (-) ' 

\rJk— m* Vr/fe— m* V r / m V r / k — m* V r / m 

(-X+--k) =(-l)l m l(A + m) fc _ m . 

V r /fc-m* 

Therefore, 

£>W(A)e^l e )= y (-l)IH(_ fe ) m ( A + m ) fc _ m ^_$ m(a; ) e (x|e) 

meZ^ + , |m|<fc Vr/m 

By the L -invariance of Z>W(A), for y e ft, 
D(*)(A)e< , '»' = L)( fe )(A)e (pfei);r|e) 
= y (-l) |m| (-fc)m(A + m) fe _ m7 |^d> m ((P(^)x)e(^ i )-l e ) 

raeZ;,, |m|<fc VrJm 



y (-l)l m l(-fc) m (A + m) fc _ m tf m (z,y) 



e (s|y)_ 



This holds for any x, y <G V c and A € C by analytic continuation. The second 
equality follows from 

(A + m) fe _ m = -^. 
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□ 



Using these differential operators, we can calculate (f,g)\ for A G C: for 
Re A + fc > ^2 — 1 and /, g G meZ , mrankA+1=0 ^m(^ C ), 



</,<?) 



A 



7^ / (Z? (fe) (A)/)(w) 5 H^(w,w) A+fe -^du; (rankA = r) 

lim / (D^\fi)f)(w)gjw)h{w,w) fl+k -^dw (rankA < r) 

(2.8) 

where c A = ^ 7^1 n (see Proposition XIV.2. 2, Proposition XIV.2. 5]). We 

can prove easily that this equality holds not only for polynomials, but also for 
holomorphic functions f,g & O(D) with D^(X)f and g bounded on D. 

3 Proof for main theorem 

For A G C with rankA = r, we define the I and J-Bcssel functions by 
mez; + ^ m 

J (_i\|m| 

^W:= E /nT m $m(x)^X A (-x). 

If rankA < r, then (A) m = for some m, so we cannot define these functions 
on entire V c . However, if x € Xi, $ m (x) = for toj+i 7^ 0, and therefore for 
any AeCwe can define I and J-Bessel functions for x G ^-ankA ( see (EH) an d 
(ESK) by 

Mx) ■= (t 1 ) (X) $m(x) ' 

m£Z; + , m rankA + 1 =0 \r) m 1 > m 

A C_1"\l m l 

JX(X)~ J2 (n) (X ) ^(X)=1 X (-X). 

Now we are ready to state the main theorem. 



Theorem 3.1. for A eC,i£ #rankA> take k G Z> such thatReX+k > 22-1. 
TTierj we /iai/e the integral expressions 



Z A (x 2 )=c A+fe / 1 F 1 (-k,X;-x,w)e 2 ^^h(w,w) x+k -^dw, 

J D 

J x (x 2 )=c x+ k f iF 1 (~k,X;^ix,w)e 2t ^ Rc ^h(w,w) x+k -^dw. 



D 



where 



c\ = ; r, i Fi (— k, A; x, w) = > — — K m (x, w). 

7r«r n A- 2 ' u ; A m v ; 



™ ran k A + i — 
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Proof. We calculate ^'' x \e^' x ^. in two ways. By (|2.5p . 

= E 7^T^<i> m (x 2 )=^ 2 ). 



On the other hand, by (12.81) and Proposition 12.61 
(e^,e^) =lim^/ f^W^e^l 2 )) ^)/i(u>, w)^"^^ 

\ / A (/x) fe 7 D V I 



= lim CA1+fc / iFi(-fc,^;-ir,w)e H2 M^)/i( w , w )^+ fc -^dw 

/i— >A 



CA+fc / iF 1 (-fc,A;-x,«;)e 2(a;|RcM) /i(u;,u;) A+ ^^du;. 



The formula for J\ (x 2 ) follows by replacing x by ix. □ 
From this theorem we can easily deduce the following corollary. 



Corollary 3.2. For A € C, x e Af rank x, i/Re A + fc > ^- - 1 /or some fc e Z> . 
i/ien ttere exists a positive constant C x ^ k > such that 

\Tx{x 2 )\<C x , k {l + \x\\)e 2 \ Kcx \\ \J x (x 2 )\ ^C^^ + lx^e 2 ^^ 

where \x\i is the norm defined in Definition \2.1\ 

Proof. By Proposition 12. 21 for w e D, x eV c , 



|(Rex|Rew)| < | Reacji| Rew^ < \ Rex\i °° < |Rez|i. 

Also, since \Fi(— k, A; —x, w) is a polynomial of degree k with respect to both 
x and u>, 

IxFxt-fc, A; -x,w)\ < C' Kk (l + \x\ k x ) (l + M*,) < 2C' Kk (l + |a:|*) . 
Therefore, by Theorem 13. 11 

\T x (x 2 )\ < \c x+k \ f hF^-k^-x^l^'^^hfawytoW-^dw 
Jd 

<2\c x+k \C' xk (l + \x\ k 1 )e 2 \ Re ^ f h{w,w) KcX+k ~^dw 

JD 

= C x , k (l + \x\ k ) ea|H»*k. 
The proof for J x (x 2 ) is similar. □ 
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Remark 3.3. In \H\ Lemma 3.1] Mollers gave another estimate of S\(x) 

K2ra-1) 



AM <C(l + \x 



»2r\x\ 2 



c 



However, our estimate is sharper because our leading term is given by e 2 \ Imx \i. 
Especially in our estimate J\ (x) is uniformly bounded on V if Re A is sufficiently 
large. This difference comes from that of methods of proofs: in \1$ the termwise 
estimate of the Taylor series was used, while in this paper we use the integral 
formula. However, termwise estimate of Taylor serieses is often insufficient 
for getting sharp upper bounds. For example, the bound of cosine function is 
calculated as follows: 



cos a; 



E 

m=0 



(-1)" 

(2m)! 



< 



E (2 TO )! 



x\ 2m < 



1 

E ^7 1 



,1*1 



However, it is well-known that cosine function is bounded unformly on M. So 
this bound is not sharp. 



4 Applications 

For A>^-1, t6C \ ttiL, Ret > 0, we define a integral operator on f2: for a 
measurable function ip : Q — > C, we define 

^ r g— cotht(tra;+trj/) / j \ 

Tx(t)<p(x) := — -- / <p(y) —3- lx —s-Pix^y Hvf~"dy. 



on 

C-Mz) ■= "F — ttt / e l ^ x) ip(x)A{2x) x - rdx. 



S2 



^nWJn sinh rA t Vsinh 2 i 

Since I\ is T^-invariant, by [51 Lemma XIV. 1.2] we can replace P(xi)y by 

Remark 4.1. For A > =*r — 1, we define the Laplace transform 
L x : L 2 (n,A(x) x -^dx) — ► L 2 {V + yf^lCl, A(Im z) x ~ ^ dz) n 0{V + \f^LQ,) 

r Q (A) 

T7ien we can prove by the similar method to J6^ Theorem XV. 4-1] that 

CxTx(t)C^F(z) =A(- sin(it)z + cos(it)e)y x 

x F ((cos(ii)z + sm(it)e)(— sin(it)z + cos(ii)e) -1 ) . 

Especially, T\(s)T\(t) — Tx(s + t) holds for A > ^ — 1. 

Remark 4.2. Let i? 6e an Euclidean vector space of dimension N with inner 
product {-\-)e- Then the Hermite semigroup on L 2 (E) is given by 

f ®f® : = to I f(v)exp(~lcotht(\e E + \ V \l) + ^(t\n) E )d V 

(27rsmhi)^ Je V 2 smh< / 

(4.1) 
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for f € L 2 (E), t € C \ 7riZ, Rei > (see, e.g., Section 5.2]). From now on 
we assume there exists an self-adjoint representation <f> : V — > End(-E). We also 
assume N > r(r — l)d. Let Q : E — > V be the quadratic map defined by 

W^CIOe = (x\Q(0)v for anyx&V, £ G E. 

Let E := Q~ l (e) C E be the Stiefel manifold. Then we have 

e-^da = J, (q(^\) (4.2) 



(see Proposition XVI.2.3]). We extend Q to Q : E c V c bilinearly. Ther. 
since J\(x) =I\(—x) we have 



J e^ a) da=lN_ \ Q 



If f € L 2 (E) is written as /(£) = F (^Q(£)) with a function F on V, then f^. 1\ ) 
can be rewritten as 



finm 7z— J E F (l Q(ll) ) exp ( r ,i,h/: - 



(2 




T n (f )sinh^ tJn Jy, 



F(Q(</»(t/4)a))exp(-cotht( 




x ex P ^j^^KI^ 2 ) 0- )^ A (y) 2 ™ " dcrrf y 

r _ x exp(-cotht(±|£|| +try)) / \/2 . \ A , 



rn(^)7o7s sinh^i ^sinhi J 



r«(^ ) 7n VS/ sinh^i 2r V~* VV2sinht 

1 / -,(-^.(^0(0+^)) / 1 4 N 

rn(fr) sinh^i 2r \2sinh t / 

=™(t)F Qq(o) 

where we used Proposition XVI. 2.1] at the 3rd equality and [6, Lemma 
XVI. 2.2. (ii)] at the J^th, 6th equalities. Therefore rjv(t) coincides with the ac- 
tion of the Hermite semigroup on radial functions on E. 

Remark 4.3. For x € ~X[ (see [2~1]) ). X\(x) = T(X)I X -i (2y / |^) holds (see 
Example 3.3]), and by analytic continuation the distribution f^r\ A(x) A ~^lotfa 
at A = i gives the semi-invariant measure on X\ n Q (see [6, Proposition 
VII. 2. 3]). Therefore for V = R 1 '™" 1 the action t\ at A = i coincides with the 
action of the holomorphic semigroup on the minimal representation of 0(p, 2) 
(see m Theorem B] or J7J Theorem 5.1.1]). 
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We set K x (x,y;t) := e~ cotht ( tr x + tT y)X x (sinh~ 2 tP(xi)y) , the kernel func- 
tion of t\ (t) . Then we can deduce from Theorem 13.21 that 

Theorem 4.4. Take k e Z> such that A + k > ^£ — 1. T/ien if t = u + iv, 

11,U£l,ll>0, 



exp 



sinh 'i 



cosh u + I cos w 



(trx + try) 



Especially, if u = Re i > then t\ (t) maps functions of polynomial growth 
to functions of exponential decay. In order to prove this theorem, we prepare 
the following lemma. 

Lemma 4.5. (1) For x € CI the directional derivative of x M- y/x is 

D u \/x = l;L (yfx) 1 u. 

(2) Forx,y g V if[L(x),L(y)] = 0, then there exists a Jordan frame {ci, . . . ,c r } 
such that x, y G M- spanjci, . . . , c r }. 

x , „ „ i . , tr x + tr w 

^ For x, ye Cl, tr\JP(x2)y < y/Wxtry < -. 

Proof. (1) u = D u :e = D u (yfx) 2 = 2y/xD u y/x = 2L (y/x) D u yfx and then 
D u y/x = \L (y/x) 1 u follows. 

(2) See Lemma X.2.2]. 

(3) The second inequality is clear. For the first inequality, we take ko £ K such 



that tr y P(x2 )ky (k € Kl) attains its maximum at k — ko. We put k$y =: y - 
Then for any L> e «i = Lie{K L ), 



dt 



t=o 



tr \J P(x*)e tD y = -tr lL[ \JP(x*)y ) P(x?)Dy 



P(xi)yo 



P(xi)Dy 



\ ( P(xi)^ P(xi)y 



Dy 



We put P(s2)yP(a;i)yo =: If L» = [L(u), L(w)] (u,«GV), then 

=(z|[L(u),L(u)]y ) = (^|u(«j/o)) - (z\v(uy )) = (zu\vy ) - (zv\uy ) 
=(y (zu)\v) - (v\(uy )z) = ([L(j/o), L(z)]u\v). 

Since (-|-) is non-degenerate, [L(y ),L(z)} = 0. Also, 
P(z)y = P lp(x*)yjp(x$)y )y 



P(x*)P \JP(x2)y P{xi)y = P(x*)e = x. 
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So especially [L(x),L(y )] = 0. Let x = YJj=ih c i> V = Y%=i s j d 3 (tji s j > °> 
and {cj}J =1 , {rfj}j = i are Jordan frames). Then, 



tr \ P(x?)v < max tr \ P(x* )ky = max tr 
v v >y ~ keK L V v ' y ae6n * 



= max y2Jta(j)sj < 



\ 



J=i J \i=i 



and the proof is completed. 

Now we are ready to prove Theorem 14.41 
Proof of TheoremUJX By Corollary EH1 



□ 



\K x (x,y;t)\ < c' x e- Rccotht ^ x+tiy, > 1 + 



1 



sinhi 



P(x 2 )y 



k \ 2 Rc ^7ht \Jp{^)v\ 



1 



c , e -Rocot ht (t r , + t,,) ^ 1 + __ tr ^ v /p M)y J J, 

cosh u sinh u 



< Ca exp 



— (trir + try)^ ^1 + \/tr x tr y*^ 

(tr x + tr j/) 

„ / , . fc \ / sinh u 

C x (l + (trxtry)- 



cosh 2 u — cos 2 
/ sinh u\ cos v\ 



x exp . , 
\cosh u — cos 2 v 



exp 



cosh u + I cos v 



(trx + try) 



and this completes the proof. 



□ 
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